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Abstract
We investigate a special class of Poisson–Lie T-plurality transfor-
mations of Bianchi cosmologies invariant with respect to non-semisimple
Bianchi groups. For six-dimensional semi-Abelian Manin triples b ⊲⊳ a
containing Bianchi algebras b we identify general forms of Poisson–
Lie identities and dualities. We show that these can be decomposed
into simple factors, namely automorphisms of Manin triples, B-shifts,
β-shifts, and “full” or “factorized” dualities. Further, we study effects
of these transformations and utilize the decompositions to obtain new
backgrounds which, supported by corresponding dilatons, satisfy Gen-
eralized Supergravity Equations.
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1 Introduction
Duality transformations play crucial role in the study of various aspects of
string theory and related fields. They connect theories in different coupling
regimes or, in the case of T-duality, backgrounds with distinct curvature
properties. Both Abelian T-duality [1] and its non-Abelian generalization
[2, 3] rely on the presence of symmetries of sigma model backgrounds. Dual
sigma model related to the original one by T-duality is obtained by gaug-
ing of the symmetry and introduction of Lagrange multipliers. However, the
symmetries are not preserved in the non-Abelian case, meaning we may not
be able to return to the original model by dualization. Despite this serious
issue we see renewed interest in (non-)Abelian T-duality (NATD). The pro-
cedure was extended to RR fields in [4, 5] and is used frequently to find new
supergravity solutions, see e.g. [6, 7] and references therein. It also applies
in the study of integrable models [8, 9, 10].
Poisson–Lie T-duality [11] introduces Drinfel’d double as the underlying
algebraic structure of T-duality and replaces symmetry of the sigma model
background by the so-called Poisson–Lie symmetry [12]. This allows us to
treat both models equally and solves the above mentioned problem. We shall
use this formalism through the whole paper. In the case of (non-)Abelian
T-duality the Lie group D of Drinfel’d double splits into Lie subgroups G
and G˜ of equal dimension, where the former represents symmetries of the
original background while the latter is Abelian. In this paper we consider only
these semi-Abelian Drinfel’d doubles as we focus on dualization of particular
backgrounds and the presence of symmetries remains crucial in such a case1.
Poisson–Lie duality exchanges roles of G and G˜ , and we understand it as a
change of decomposition (G |G˜ ) of D to (G˜ |G ) and vice versa. Beside (G |G˜ )
and (G˜ |G ) there might be other decompositions (Ĝ |G¯ ), (G¯ |Ĝ ) of a Drinfel’d
double D that can be used to construct mutually related sigma models. The
corresponding transformation between sigma models was denoted Poisson–
Lie T-plurality [14]. Decompositions of low-dimensional Drinfel’d doubles
1See [13] for discussion on this topic.
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were classified in papers [15, 16, 17] in terms of Manin triples (d, g, g˜) that
represent decompositions of Lie algebra d of the Drinfel’d double D into
subalgebras g and g˜ corresponding to subgroups G and G˜ .
In our recent paper [18] we noted that besides (non-)Abelian T-duality
there exist other transformations that either preserve or exchange the alge-
bras g and g˜ of the Manin triple (d, g, g˜). We shall call them Poisson-Lie
identities and Poisson–Lie dualities. Similar transformations were studied
in [19] to get insight into the structure of the so-called NATD group of T-
duality transformations. Beside others, this group contains automorphisms
of the algebras forming Manin triples, B-shifts, β-shifts2, “factorized” du-
alities and their compositions. These, however, have to be understood as
special cases of Poisson–Lie T-plurality. We continue the investigation of the
NATD group probing its structure for low-dimensional Drinfel’d doubles,
where general forms of Poisson–Lie identities and dualities can be identified.
Examples show that general transformations are actually finite compositions
of the special elements of NATD group that were mentioned earlier. It turns
out that the effect of automorphisms and B-shifts on resulting backgrounds
can be often eliminated by a change of coordinates, hence, we also try to
identify what parameters of the transformations are relevant.
Long-lasting problem appearing in discussion of non-Abelian T-duality
is that dualization with respect to non-semisimple group G leads to mixed
gauge and gravitational anomaly, see [22], proportional to the trace of struc-
ture constants of g. Authors of paper [23] have found non-Abelian T-duals of
Bianchi cosmologies [24] and have shown that instead of standard β-equations
dual backgrounds satisfy the so-called Generalised Supergravity Equations
containing Killing vector J whose components are given by the trace of
structure constants. For Bianchi V cosmology this was observed already
in [25]. Therefore, it is natural to ask if backgrounds and dilatons obtained
from Bianchi cosmologies by Poisson–Lie identities and dualities satisfy Gen-
eralised Supergravity Equations as well and what Killing vectors have to be
used. For Yang–Baxter deformations of AdS5×S5 the problem was addressed
in [26, 27] and physical meaning of J was found in [28]. Discussion on the
Poisson–Lie duality and plurality of the Generalized Supergravity Equations
can be found e.g. in [29] and [30].
We start with a short description of Poisson–Lie T-plurality in section 2,
where necessary formulas are summarized and general forms of transformed
2β-shifts are also referred to as TsT transformations, see [20, 21].
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backgrounds are presented. In sections 3–7 we investigate various transfor-
mations of Bianchi cosmologies focusing on groups that are not semisimple.
Since calculations with general transformations often result in rather com-
plicated backgrounds that cannot be displayed, detailed description is given
only for special elements of the NATD group. Summary of transformed
backgrounds can be found in the Appendix.
2 Basics of Poisson–Lie T-plurality
In the first two subsections we recapitulate Poisson–Lie T-plurality with spec-
tators [11, 14, 31]. We follow the summary given in [18].
2.1 Sigma models
Let M be (n + d)-dimensional (pseudo-)Riemannian target manifold and
consider sigma model on M given by Lagrangian
L = ∂−φµFµν(φ)∂+φν , φµ = φµ(σ+, σ−), µ = 1, . . . , n+ d
where tensor field F = G + B on M defines metric and torsion poten-
tial (Kalb–Ramond field) of the target manifold. Assume that there is a
d-dimensional Lie group G with free action on M that leaves the tensor in-
variant. The action of G is transitive on its orbits, hence we may locally
consider M ≈ (M /G )× G = N × G , and introduce adapted coordinates
{sα, xa}, α = 1, . . . , n = dimN , a = 1, . . . , d = dimG
where sα label the orbits of G and are treated as spectators, and xa are group
coordinates3. Dualizable sigma model on N × G is given by tensor field F
defined by (n+ d)× (n+ d) matrix E(s) as
F(s, x) = E(x) · E(s) · ET (x), E(x) =
(
1n 0
0 e(x)
)
(1)
where e(x) is d × d matrix of components of right-invariant Maurer–Cartan
form (dg)g−1 on G .
3Detailed discussion of the process of finding adapted coordinates can be found e.g. in
[31, 32, 33]
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Using non-Abelian T-duality one can find dual sigma model on N ×
A , where A is Abelian subgroup of semi-Abelian Drinfel’d double D =
(G |A ). The necessary formulas will be given in the following subsection as
a special case of Poisson–Lie T-plurality. In this paper the groups G will
be non-semisimple Bianchi groups. Bianchi cosmologies are defined on four-
dimensional manifolds, hence d = 3, n = 1, and we denote the spectator as
t := s1. Elements of the group G shall be parametrized as g = ex1T1ex2T2ex3T3
where ex2T2ex3T3 and ex3T3 are normal subgroups of G . Similarly, elements of
A are parametrized as g˜ = ex˜1T˜
1
ex˜2T˜
2
ex˜3T˜
3
.
2.2 Poisson–Lie T-plurality with spectators
For certain Drinfel’d doubles several decompositions may exist. Suppose
that D = (G |G˜ ) splits into another pair of subgroups Ĝ and G¯ . Then we can
apply the full framework of Poisson–Lie T-plurality [11, 14] and find sigma
model on N × Ĝ .
The 2d-dimensional Lie algebra d of the Drinfel’d double D is equipped
with an ad-invariant non-degenerate symmetric bilinear form 〈., .〉. Let d =
g ⊲⊳ g˜ and d = gˆ ⊲⊳ g¯ be two decompositions (Manin triples (d, g, g˜) and
(d, gˆ, g¯)) of d into double cross sum of subalgebras [34] that are maximally
isotropic with respect to 〈., .〉. The pairs of mutually dual bases Ta ∈ g, T˜ a ∈
g˜ and T̂a ∈ gˆ, T¯ a ∈ gˆ, a = 1, . . . , d, satisfying
〈Ta, Tb〉 = 0, 〈T˜ a, T˜ b〉 = 0, 〈Ta, T˜ b〉 = δba, (2)
〈T̂a, T̂b〉 = 0, 〈T¯ a, T¯ b〉 = 0, 〈T̂a, T¯ b〉 = δba
then must be related by transformation(
T̂
T¯
)
= C ·
(
T
T˜
)
(3)
where C is an invertible 2d× 2d matrix. Due to ad-invariance of the bilinear
form 〈., .〉 the algebraic structure of d is given both by
[Ti, Tj] = f
k
ijTk, [T˜
i, T˜ j] = f˜ ijk T˜
k, [Ti, T˜
j] = f jkiT˜
k + f˜ jki Tk (4)
and
[T̂i, T̂j ] = fˆ
k
ijT̂k, [T¯
i, T¯ j] = f¯ ijk T¯
k, [T̂i, T¯
j] = fˆ jkiT¯
k + f¯ jki T̂k. (5)
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Given the structure constants F kij of d = g ⊲⊳ g˜ and F̂
k
ij of d = gˆ ⊲⊳ g¯, the
matrix C has to satisfy equation
CpaC
q
bF
r
pq = F̂
c
abC
r
c . (6)
To preserve the bilinear form 〈., .〉 and thus (2), C also has to satisfy
CpaC
q
b (D0)pq = (D0)ab (7)
where (D0)ab are components of matrix D0 that can be written in block form
as
D0 =
(
0d 1d
1d 0d
)
. (8)
In other words, C is an element of O(d, d) but, unlike the case of Abelian
T-duality, not every element of O(d, d) is allowed in (3).
For the following formulas it will be convenient to introduce d×d matrices
P,Q,R, S as (
T
T˜
)
= C−1 ·
(
T̂
T¯
)
=
(
P Q
R S
)
·
(
T̂
T¯
)
(9)
and extend these to (n + d)× (n+ d) matrices
P =
(
1n 0
0 P
)
, Q =
(
0n 0
0 Q
)
, R =
(
0n 0
0 R
)
, S =
(
1n 0
0 S
)
to accommodate the spectator fields. It is also advantageous to introduce
block form of E(s) as
E(s) =
(
Eαβ(s) Eαb(s)
Eaβ(s) Eab(s)
)
, α, β = 1, . . . , n, a, b = 1, . . . , d.
The sigma model on N × Ĝ related to (1) via Poisson–Lie T-plurality is
given by tensor
F̂(s, xˆ) = Ê(xˆ) · Ê(s, xˆ) · ÊT (xˆ), Ê(xˆ) =
(
1n 0
0 ê(xˆ)
)
(10)
where ê(xˆ) is d × d matrix of components of right-invariant Maurer–Cartan
form (dgˆ)gˆ−1 on Ĝ ,
Ê(s, xˆ) = (1n+d + Ê(s) · Π̂(xˆ))−1 · Ê(s)= (Ê−1(s) + Π̂(xˆ))−1, (11)
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Π̂(xˆ) =
(
0n 0
0 b̂(xˆ) · â−1(xˆ)
)
,
and matrices b̂(xˆ) and â(xˆ) are submatrices of the adjoint representation
adgˆ−1(T̂ ) = b̂(xˆ) · T¯ + â−1(xˆ) · T̂ .
The matrix Ê(s) is obtained by formula
Ê(s) = (P + E(s) · R)−1 · (Q+ E(s) · S) (12)
so it is necessary4 that
det (P + E(s) · R) 6= 0 6= det (Q+ E(s) · S).
Formulas (10)–(12) reduce to those for full Poisson–Lie duality if we choose
P = S = 0d and Q = R = 1d. Furthermore, for a semi-Abelian Drinfel’d
double the well-known Buscher rules for (non-)Abelian T-duality are restored.
If there are no spectators the plurality is called atomic.
2.3 Poisson–Lie identities and Poisson–Lie dualities
Let us now restrict our considerations to mappings (3) that preserve the
Manin triple, i.e. gˆ = g, g¯ = g˜, and that satisfy (6) and (7). They are the
Poisson–Lie identities. The Maurer–Cartan form (dg)g−1 remains unchanged
but E(s) transforms as in (12). Moreover, for non-Abelian T-duality the
algebra g˜ is Abelian, i.e. g˜ = a, thus b̂ and Π̂ vanish, and we may write5
F̂(s, x) = E(x) · Ê(s) · ET (x).
Let us note that both backgrounds F(s, x) and F̂(s, x) are invariant with
respect to the group G .
For special transformations mentioned in the introduction we can further
specify the resulting backgrounds. Namely, matrices
IA =
(
A 0
0 A−T
)
(13)
4Invertibility of Ê(s) is not required in the first expression in (11) and only
det (P + E(s) · R) 6= 0 is required. However, for regular Ê(s) the formulas simplify.
5Since Ĝ = G we omit the hat over group coordinates and write simply x.
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are always among the transformations (3) preserving the Manin triple d =
g ⊲⊳ a if A is an automorphism6 of g. Transformed Ê(s) then reads
Ê(s) = A · E(s) · AT , A =
(
1n 0
0 A
)
.
Transformations (3) of the form
IB =
(
1d B
0 1d
)
, BT = −B (14)
are called B-shifts, since the background F̂(s, x) obtained by this transfor-
mation is given by
Ê(s) =
(
E(s)− B¯) , B¯ = ( 0n 0
0 B
)
.
Tensor F̂ differs from the original one by an antisymmetric term B′ =
−e(x)·B ·e(x)T that, however, for solvable Bianchi algebras does not produce
supplementary torsion. Therefore, for all investigated Bianchi cosmologies F̂
is gauge equivalent to the initial tensor F .
β-shifts are generated by transformation matrices
Iβ =
(
1d 0
β 1d
)
, βT = −β
and the transformed F̂(s, x) is given by
Ê(s) =
(
1− E(s) · β¯)−1 · E(s), β¯ = ( 0n 0
0 β
)
.
For invertible E(s), we may write Ê(s) =
(
E(s)−1 − β¯)−1.
Beside these transformations we may also encounter mappings IF that
switch some of the basis vectors Ti ↔ T˜i while preserving structure coeffi-
cients of the Manin triple. These “factorized” dualities can be interpreted
as dualization with respect to subgroups of G . In general, these cannot be
written concisely in block form and we do not discuss them here. We shall
see many examples in the following sections.
6Our approach differs from [19], where the authors consider vector space isomorphisms
of Lie algebra of the Drinfel’d double rather than automorphisms of a chosen Manin triple.
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Let us further investigate Poisson–Lie dualities, i.e. mappings (3) that
change Manin triple d = g ⊲⊳ a to d = a ⊲⊳ g. Equation (3) implies that(
T˜
T
)
= D0 ·
(
T
T˜
)
= D0 · I ·
(
T
T˜
)
.
Therefore, Poisson–Lie dualities are composed of Poisson–Lie identities I and
“full” T-duality D0 that exchanges all generators of g and a as Ti ↔ T˜i for
i = 1, . . . , d. In this way we can define dual B-shifts, dual β-shifts and dual
automorphisms.
Backgrounds on G˜ = A obtained from (1) by Poisson–Lie dualities have
the form
F˜(s, x˜) =
(
Ê−1(s) + Π˜(x˜)
)−1
, Π˜(x˜) =
(
0n 0
0 b˜(x˜)
)
because e˜(x˜) = a˜(x˜) = 1d. For solvable groups G we have b˜ab(x˜) = f cab x˜c.
It is possible to be more specific when we restrict to specific elements
of the NATD group. In the presence of spectators, however, the formulas
for Poisson–Lie dualities are quite complicated. Fortunately, we do not need
their full form since Eaβ(s) and Eαb(s) in E(s) vanish for the backgrounds
discussed in the rest of the paper. Hence F̂αβ(s) = Fαβ(s) and plurality
affects only Fab(s, x). The transformations we are interested in, therefore,
concern only the F̂ab(s, xˆ) block of the resulting background tensor F̂ .
For the dual B-shift
DB = D0 · IB =
(
0 1d
1d B
)
, BT = −B
and vanishing Eaβ(s), Eαb(s) the matrix
(
Ê−1(s) + Π˜(x˜)
)
has the form
(
E−1αβ (s) 0
0 Eab(s)−Bab + b˜ab(x˜)
)
.
For solvable groups (˜b(x˜) − B)ab = f cabx˜c − Bab. As we shall see, for some
groups this enables us to get rid of some parameters of Bab by coordinate
transformations.
General formulas for dual β-shift
Dβ = D0 · Iβ =
(
β 1d
1d 0
)
, βT = −β
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in the presence of spectators are complicated and not particularly illuminat-
ing. For vanishing Eaβ(s), Eαb(s) one gets
Ê(s) =
(
Eαβ(s) 0
0 E−1ab (s)− β
)
.
Let us focus on the role of automorphisms IA and their duals now. As
conjectured in [19], it turns out that all Poisson–Lie identities and Poisson–
Lie dualities are generated by automorphisms of Manin triples, B-shifts, β-
shifts and factorised dualities. Moreover, in most of the examples of Bianchi
cosmologies discussed later we find that the general C matrix in (3) splits as
C = IA2 · C ′ · IA1
where C ′ is either IB, Iβ, IF or their duals. Transformed backgrounds then
can be written as
F̂(s, xˆ) = Ê(xˆ) · A2 · Ê ′(s, xˆ) · AT2 · ÊT (xˆ) (15)
where
Ê ′(s, xˆ) =
((Q′ +A1E(s)AT1 S ′)−1 (P ′ +A1E(s)AT1R′)+AT2 Π̂(xˆ)A2)−1
and P ′,Q′,R′,S ′ are found from C ′. As expected, these expressions can be
interpreted as application of Poisson–Lie T-plurality on a background given
by matrix E ′(s) = A1E(s)AT1 . Important is that A2 can be eliminated from
(15) by suitable transformation of group coordinates. Using the transforma-
tion properties of the covariant tensor F̂ we may try to integrate the Jacobi
matrix
Jµλ =
∂xˆ′µ
∂xˆλ
= ê(xˆ)
k
λ(A2)
p
k(ê
−1(xˆ))µp (16)
to find coordinates xˆ′ such that (15) simplifies to
F̂(s, xˆ) = Ê(xˆ) · Ê ′(s, xˆ) · ÊT (xˆ).
These transformations can be always found for Poisson–Lie dualities on semi-
Abelian Drinfel’d double where g˜ = a and ê(xˆ) = 1. In this case J = A, the
transformation is linear and can be even combined with the coordinate shifts
mentioned earlier for dual B-shifts.
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2.4 Generalized Supergravity Equations and transfor-
mation of dilaton
One of the goals of this paper is to verify whether backgrounds obtained
from Poisson–Lie identities and dualities satisfy β-equations or Generalized
Supergravity Equations of Motion. The generalized SUGRA equations [35,
36] can be written as7
βG = Rµν − 1
4
HµρσH
ρσ
ν +∇µXν +∇νXµ, (17)
βB = −1
2
∇ρHρµν +XρHρµν +∇µXν −∇νXµ, (18)
βΦ = R− 1
12
HρστH
ρστ + 4∇µXµ − 4XµXµ (19)
where ∇ is covariant derivative and
Xµ = ∂µΦ + J νFνµ.
For vanishing vector J the usual β-equations are recovered.
Under (non-)Abelian T-duality dilaton transforms as
Φ˜ = Φ +
1
2
ln detM (20)
where matrix M is given by “group block” Eab of E(s) and submatrices of
adjoint representation as
M = (Eab(s) + b˜(x˜) · a˜−1(x˜))−1 = (E˜−1ab (s) + b˜(x˜) · a˜−1(x˜))−1.
The formula (20) can be utilized not only for “full” duality given by D0, but
also for factorized dualities. However, for successful application of this rule it
is necessary to identify the dualized directions, meaning we have to consider
only subgroups of G and corresponding submatrices Eab, a˜, b˜.
For general Poisson–Lie T-plurality the dilaton transformation rule was
given in [14] and further studied in [37]. In the current notation we can write
it as
Φ̂(s, xˆ) =Φ(s, x)− 1
2
ln
∣∣∣ det((N + Π̂(xˆ)M) â(xˆ)) ∣∣∣
+
1
2
ln
∣∣∣ det ((1+Π(x)E(s)) a(x)) ∣∣∣, (21)
7We restrict our attention to the NS sector, or the bosonic part.
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M = ST ·E(s)−QT , N = PT −RTE(s).
From the the two possible decompositions of elements of Drinfel’d double
l = g(x)h˜(x˜) = ĝ(xˆ)h¯(x¯), l ∈ D , g ∈ G , h˜ ∈ G˜ , gˆ ∈ Ĝ , h¯ ∈ G¯
we can in principle express coordinates x in terms of xˆ and x¯. The expression
is thus nonlocal in the sense that Φ̂ may depend also on coordinates x¯ of G¯ .
For Poisson–Lie identities we do not encounter this problem so it is plausible
to use (21) to calculate dilatons corresponding to B-shifts and β-shifts. For
semi-Abelian Drinfel’d double we find that dilaton does not change under
B-shifts IB, while under Iβ it transforms as
Φ̂(s, x) = Φ(s, x)− 1
2
ln
∣∣∣ det 1− β · Eab(s)∣∣∣. (22)
For duals DB = D0 · IB and Dβ = D0 · Iβ we get the correct dilaton by
formula (20) applied on the dilaton and background obtained earlier from
identities IB and Iβ.
3 Bianchi V cosmology
As a warm up we shall study the well-known Bianchi V cosmology. Let
us consider six-dimensional semi-Abelian Drinfel’d double8 D = (BV |A )
whose Lie algebra d = bV ⊲⊳ a is spanned by basis (T1, T2, T3, T˜ 1, T˜ 2, T˜ 3).
The non-trivial commutation relations of the generators of bV are
[T1, T2] = T2, [T1, T3] = T3. (23)
The group BV is not semisimple and trace of its structure constants does
not vanish.
The sigma model background9 is given by metric (B = 0 and F = G)
F(t, x1) =


−1 0 0 0
0 t2 0 0
0 0 e2x1t2 0
0 0 0 e2x1t2

 . (24)
8By BV , resp. bV , we denote the Bianchi V group, resp. its Lie algebra. A and a
denote three dimensional Abelian group and its Lie algebra respectively. Similar notation
will be used in the following sections.
9E(s) is restored from F(s, x) by setting group coordinates to zero.
13
Left-invariant vector fields that satisfy (23) and generate symmetries of this
background are
V1 = ∂x1 − x2 ∂x2 − x3 ∂x3 , V2 = ∂x2 , V3 = ∂x3 .
In fact, the background is flat and torsionless so the standard β-equations are
satisfied if we choose zero dilaton Φ = 0. This background was studied already
in [38], where it was first noticed that duals with respect to non-semisimple
groups are not conformal. The related gravitational-gauge anomaly was later
investigated in [39].
3.1 Poisson–Lie identities and dualities
Mappings C that preserve the algebraic structure of Manin triple (d, bV , a)
and generate Poisson-Lie identities are given by matrices
I1 =


1 c12 c13 −c12c15 − c13c16 c15 c16
0 c22 c23 −c15c22 − c16c23 0 0
0 c32 c33 −c15c32 − c16c33 0 0
0 0 0 1 0 0
0 0 0 c13c32−c12c33
c22c33−c23c32
c33
c22c33−c23c32
c32
c23c32−c22c33
0 0 0 c13c22−c12c23
c23c32−c22c33
c23
c23c32−c22c33
c22
c22c33−c23c32


,
I2 =


−1 c12 c13 c12c15 + c13c16 c15 c16
0 0 0 c12c25 + c13c26 c25 c26
0 0 0 c12c35 + c13c36 c35 c36
0 0 0 −1 0 0
0 c36
c25c36−c26c35
c35
c26c35−c25c36
c16c35−c15c36
c26c35−c25c36
0 0
0 c26
c26c35−c25c36
c25
c25c36−c26c35
c16c25−c15c26
c25c36−c26c35
0 0


.
One can see that for c15 = c16 = 0 the matrix I1 simplifies to the block form
(13) given by automorphisms of algebra bV that in general read
A =

 1 a12 a130 a22 a23
0 a32 a33

 . (25)
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For c12 = c13 = c23 = c32 = 0 and c22 = c33 = 1 matrix I1 reduces to B-shift
(14) of the form
IB =


1 0 0 0 c15 c16
0 1 0 −c15 0 0
0 0 1 −c16 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


. (26)
On the other hand, for c12 = c13 = c26 = c35 = 0, c25 = c36 = 1 matrix I2
equals to
IF =


−1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 −1 0 0
0 1 0 0 0 0
0 0 1 0 0 0


. (27)
Matrix IF switches basis vectors T2, T3 and T˜ 2, T˜ 3. We identify its action
as factorized duality with respect to Abelian subgroup generated by T2, T3.
The change of sign of T1 is necessary for being an automorphism of bV ⊲⊳ a.
To study models generated by I1 and I2 we decompose these matrices
into product of special elements of NATD group. Namely, we note that I1
can be written as
I1 = IA · IB
where IA is given by (25) and IB is the B-shift (26). Similarly, I2 can be
decomposed as
I2 = IA2 · IF · IA1
for automorphisms A1 and A2 of the form (25). This decomposition is not
unique. To identify relevant parameters of I2 we choose the simplest possible
IA1 while including the rest of the parameters in IA2 as follows:
A1 =

 1 −c12 −c130 1 0
0 0 1

 , A2 =

 1 c15 c160 c25 c26
0 c35 c36

 . (28)
Matrices generating Poisson–Lie dualities can be obtained from those
above by left-multiplication by matrix (8) representing canonical or “full”
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duality. This way we get dual automorphisms generated by
DA = D0 · IA =
(
0d (A
T )−1
A 0d
)
,
dual B-shifts generated by
DB = D0 · IB =


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 c15 c16
0 1 0 −c15 0 0
0 0 1 −c16 0 0


,
and factorized duality
DF = D0 · IF =


0 0 0 −1 0 0
0 1 0 0 0 0
0 0 1 0 0 0
−1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


(29)
that can be interpreted as Buscher duality with respect to T1 accompanied
by a change of sign in the dual coordinate.
3.2 Transformed backgrounds
3.2.1 B-shifts
Let us now apply Poisson–Lie identities on the sigma model (24). Plugging
I1 into formulas (9)–(12) we get rather complicated background tensor. Nev-
ertheless, I1 decomposes as I1 = IA · IB and we can get rid of the parameters
that come from IA by a change of coordinates found by integrating the Jacobi
matrix (16). Indeed, after coordinate transformation
y1 = x1, y2 = −c12e−x1 + c22x2 + c32x3, y3 = −c13e−x1 + c23x2 + c33x3
16
we find that the symmetric part of F̂ equals to the original metric (24). The
antisymmetric part
B̂(y1) =


0 0 0 0
0 0 −ey1c15 −ey1c16
0 ey1c15 0 0
0 ey1c16 0 0


generated by the B-shift represents a torsionless B-field. Up to coordinate
transformations we would get the same background using IB instead of the
full I1 so, from the point of view of Poisson–Lie identity, we consider these
matrices equivalent. In other words, Poisson–Lie identity with respect to IB
and I1 is just a gauge transformation of the original background, there is no
change in the dilaton field, and Φ̂ = Φ satisfies β-equations.
Background calculated using D1 = D0 ·I1 is too extensive to be displayed.
Nevertheless, a change of coordinates (16) simplifies it to the form that one
would obtain using DB. Subsequent coordinate shift
x˜1 = c12(y˜2 − c15) + c13(y˜3 − c16) + y˜1,
x˜2 = c22(y˜2 − c15) + c23(y˜3 − c16),
x˜3 = c32(y˜2 − c15) + c33(y˜3 − c16)
that agrees with the discussion in section 2.3 eliminates the parameters of
D1 completely, producing tensor
F˜(t, y˜2, y˜3) =


−1 0 0 0
0 t
2
t4+y˜22+y˜
2
3
y˜2
t4+y˜22+y˜
2
3
y˜3
t4+y˜22+y˜
2
3
0 − y˜2
t4+y˜22+y˜
2
3
t4+y˜23
t2(t4+y˜22+y˜23)
− y˜2y˜3
t2(t4+y˜22+y˜23)
0 − y˜3
t4+y˜22+y˜
2
3
− y˜2y˜3
t2(t4+y˜22+y˜23)
t4+y˜22
t2(t4+y˜22+y˜23)

 . (30)
The same background can be obtained via full duality using D0, and, as
discussed in [38, 39], it is not conformal. The standard β-equations cannot
be satisfied by any dilaton Φ˜. On the other hand, dilaton
Φ˜(t, y˜2, y˜3) = −1
2
ln
(
t2
(
y22 + y
2
3 + t
4
))
together with background (30) satisfy Generalized Supergravity Equations
(17)–(19) if we choose J = (0, 2, 0, 0). Components of the Killing vector
17
J are given by trace of structure constants10 of bV as J a = f iai. The dila-
ton agrees with the formula (20), and we conclude that up to a coordinate
transformation the background (30) found using DB or D1 is equivalent to
non-Abelian T-dual investigated in [23].
3.2.2 Factorized dualities
Using I2 = IA2 · IF · IA1 in formulas (9)–(12) we get background that can be
brought to the form
F̂(t, y1) =


−1 0 0 0
0 t2 −ey1c12 −ey1c13
0 ey1c12
e2y1
t2
0
0 ey1c13 0
e2y1
t2


by coordinate transformation
y1 = x1, y2 = −c15e−x1 + c25x2 + c35x3, y3 = −c16e−x1 + c26x2 + c36x3
whose Jacobi matrix (16) is determined by A2 in (28). The background
differs from F̂ calculated using IF since IA1 changes E(s) before the factorized
duality is applied. However, the only difference is in the antisymmetric part
B̂. For I2 there is a torsionless B-field, while for IF the B-field vanishes
completely. The metric has vanishing scalar curvature but is not flat. Further
coordinate transformation
t =
√
−2u v + 2u+ z23 + z24 , y2 = u z3,
y1 =
1
2
ln
(−2u v + 2u+ z23 + z24
u2
)
, y3 = u z4
brings it to the Brinkmann form of plane parallel wave [40] with
ds2 = 2
z23 + z
2
4
u2
du2 + 2du dv + dz23 + dz
2
4 .
Corresponding dilaton follows from the formula (20) if the factorized du-
ality (27) is interpreted as Buscher duality11 with respect to two-dimensional
10Compared to [23], in the present nomenclature the matrices F representing back-
ground tensors are transposed. This results in change of sign of J .
11Followed by a change of sign in the spectator coordinate x1.
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Abelian subgroup generated by left-invariant fields V2 = ∂x2 , V3 = ∂x3 . Met-
ric (24) is written in coordinates adapted to the action of this subgroup and
for the duality given by IF we can write
Φ̂(t, x1) =
1
2
ln detM =
1
2
ln det
(
e2x1
t2
0
0 e
2x1
t2
)
= − ln t2 + 2y1 = −2 ln u.
Dual dilaton for background given by I2 is derived from the altered E ′(s) =
A1E(s)AT1 and differs from the previous expression by a constant. We again
conclude that backgrounds found using IF and I2 differ only by a coordinate
and gauge transformation and can be considered equivalent. They satisfy β-
equations, or Generalized Supergravity Equations (17)–(19) where J is zero
vector.
Background obtained by Poisson–Lie transformation using matrix DF has
the form
F˜(t, y˜2, y˜3) =


−1 0 0 0
0 1
t2(y˜22+y˜23+1)
y˜2
y˜22+y˜
2
3+1
y˜3
y˜22+y˜
2
3+1
0 − y˜2
y˜22+y˜
2
3+1
t2(y˜23+1)
y˜22+y˜
2
3+1
− t2y˜2y˜3
y˜22+y˜
2
3+1
0 − y˜3
y˜22+y˜
2
3+1
− t2y˜2y˜3
y˜22+y˜
2
3+1
t2(y˜22+1)
y˜22+y˜
2
3+1

 . (31)
The same background is obtained using D2 = D0 · I2 = D0 · IA2 · IF · IA1 after
change of coordinates
x˜1 = c15(y˜2 − c12) + c16(y˜3 − c13) + y˜1,
x˜2 = c25(y˜2 − c12) + c26(y˜3 − c13),
x˜3 = c35(y˜2 − c12) + c36(y˜3 − c13).
Thus, we are able to eliminate all parameters appearing in D2. The back-
ground is torsionless and together with dilaton
Φ˜(t, y˜2, y˜3) = −1
2
ln
(
t2
(
y22 + y
2
3 + 1
))
(32)
satisfies β-equations, i.e. the Killing vector in the Generalized Supergravity
Equations is zero. Explanation is that we can interpret the factorized duality
(29) as Buscher duality of (24), this time with one-dimensional Abelian sub-
group generated by left-invariant field V1 = ∂x1 − x2 ∂x2 − x3 ∂x3 . In adapted
coordinates {s1, s2, s3, y1}
t = s1, x1 = y1, x2 = s2e
−y1, x3 = s3e
−y1 ,
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where V1 = ∂y1 , the tensor (24) is manifestly invariant with respect to shifts
in y1 since
F(s1, s2, s3) =


−1 0 0 0
0 s21 0 −s21s2
0 0 s21 −s21s3
0 −s21s2 −s21s3 s21 (s22 + s23 + 1)

 .
Buscher duality with respect to y1 then restores the tensor (31) and dilaton
(32) agrees with formula (20).
To sum up, in this section we have shown that backgrounds emerging
from general Poisson–Lie identities or dualities differ from those obtained
from special elements of NATD group only by a coordinate or gauge trans-
formation. From now on we shall display results for these special elements
and only comment on the general cases.
4 Bianchi III cosmology
Several results for Bianchi III cosmology are similar to those for Bianchi V .
The algebra d = bIII ⊲⊳ a of six-dimensional semi-Abelian Drinfel’d double
(BIII |A ) is spanned by basis (T1, T2, T3, T˜ 1, T˜ 2, T˜ 3). Non-trivial commuta-
tion relations of the generators of bIII are
[T1, T3] = −T3, (33)
while a is Abelian. The trace of structure constants does not vanish and
group BIII is not semisimple. The background given by metric
F(t, x1) =


−1 0 0 0
0 t2 0 0
0 0 1 0
0 0 0 t2e−2x1

 (34)
is flat, torsionless, and invariant with respect to symmetries generated by
left-invariant vector fields
V1 = ∂x1 + x3 ∂x3 , V2 = ∂x2 , V3 = ∂x3
satisfying (33). As the background is flat and torsionless the dilaton Φ sat-
isfying β-equations can be chosen zero. Authors of [41] mention this back-
ground in their analysis and note that its non-Abelian dual does not satisfy
the standard β-equations.
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4.1 Poisson–Lie identities and dualities
Tab. 1 summarizes all eight types of solutions of equations (6) and (7) with
structure constants F = F̂ . These give rise to Poisson–Lie identities and
dualities of (BIII |A ). Nevertheless, all the identities are composed of auto-
morphisms (13) with
A =

 1 a12 a130 a22 0
0 0 a33

 , (35)
B-shifts of the form (26), and factorized dualities12
IF1 =


−1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 1 0 0 0


(36)
and
IF2 =


1 0 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1


. (37)
Matrices generating Poisson–Lie dualities can be again obtained from those
above by left-multiplication by the matrix (8) representing full duality.
4.2 Transformed backgrounds
4.2.1 B-shifts
Using IB (26) in the formulas (9)–(12) we find that the background F̂ has
the same metric as the original model (34). In addition to that, a torsionless
12IA and IB appear as special cases of I4 and I8, factorized dualities IF1 , IF2 and their
composition appear in I1, I2, I3, I5, I6, I7 and their duals.
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(BIII |A ) C matrix
I1


−1 c12 c13 c14
c14−c13c16
c12
c16
0 0 0 c12
c52
1
c52
0
0 0 0 c13c36 0 c36
0 0 0 −1 0 0
0 c52 0
(c14−c13c16)c52
c12
0 0
0 0 1
c36
c16
c36
0 0


I2


−1 c12 c13 c14
c14−c13c16
c12
c16
0 c22 0
(c14−c13c16)c22
c12
0 0
0 0 0 c13c36 0 c36
0 0 0 −1 0 0
0 0 0 c12
c22
1
c22
0
0 0 1
c36
c16
c36
0 0


I3


1 c12 c13 c14 −
c14+c13c16
c12
c16
0 0 0 − c12
c52
1
c52
0
0 0 c33 −c16c33 0 0
0 0 0 1 0 0
0 c52 0
(c14+c13c16)c52
c12
0 0
0 0 0 − c13
c33
0 1
c33


I4


1 c12 c13 c14 −
c14+c13c16
c12
c16
0 c22 0
(c14+c13c16)c22
c12
0 0
0 0 c33 −c16c33 0 0
0 0 0 1 0 0
0 0 0 − c12
c22
1
c22
0
0 0 0 − c13
c33
0 1
c33


I5


−1 0 c13 c13c16 c15 c16
0 0 0 0 1
c52
0
0 0 0 c13c36 0 c36
0 0 0 −1 0 0
0 c52 0 c15c52 0 0
0 0 1
c36
c16
c36
0 0


I6


−1 0 c13 c13c16 c15 c16
0 c22 0 c15c22 0 0
0 0 0 c13c36 0 c36
0 0 0 −1 0 0
0 0 0 0 1
c22
0
0 0 1
c36
c16
c36
0 0


I7


1 0 c13 −c13c16 c15 c16
0 0 0 0 1
c52
0
0 0 c33 −c16c33 0 0
0 0 0 1 0 0
0 c52 0 −c15c52 0 0
0 0 0 − c13
c33
0 1
c33


I8


1 0 c13 −c13c16 c15 c16
0 c22 0 −c15c22 0 0
0 0 c33 −c16c33 0 0
0 0 0 1 0 0
0 0 0 0 1
c22
0
0 0 0 − c13
c33
0 1
c33


Table 1: PLT-identities of Drinfel’d double (BIII |A ).
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B-field
B̂(x1) =


0 0 0 0
0 0 −c15 −c16e−x1
0 c15 0 0
0 c16e
−x1 0 0

 (38)
appears. This agrees with the interpretation of action of IB as gauge transfor-
mation. There is no change in the dilaton and Φ̂ = Φ satisfies β-equations.
With the full solutions I4 and I8 we get the same background as for IB.
Indeed, both these matrices decompose as
I4 = IA · IB, I8 = IA · IB
with IA given by (35). A linear change of coordinates (16) thus restores the
metric (34) and torsionless B-field (38)13.
Dual background calculated using matrix DB = D0 · IB produces tensor
F˜(t, x˜3) =


−1 0 0 0
0 t
2
t4+c215t
2+(c16−x˜3)2
t2c15
t4+c215t
2+(c16−x˜3)2
c16−x˜3
t4+c215t
2+(c16−x˜3)2
0 − t2c15
t4+c215t
2+(c16−x˜3)2
t4+(c16−x˜3)2
t4+c215t
2+(c16−x˜3)2
c15(x˜3−c16)
t4+c215t
2+(c16−x˜3)2
0 x˜3−c16
t4+c215t
2+(c16−x˜3)2
c15(x˜3−c16)
t4+c215t
2+(c16−x˜3)2
t2+c215
t4+c215t
2+(c16−x˜3)2


(39)
whose curvature and torsion do not vanish. We can get rid of the parameter
c16 by shift in x˜3, but c15 remains. As earlier, backgrounds calculated using
D4 = D0 · I4 = D0 · IA · IB or D8 = D0 · I8 = D0 · IA · IB differ from F˜ only
by a transformation of coordinates. For nonzero c15 the tensor F˜ is not the
same as non-Abelian dual of (34) that can be found using D0. Nevertheless,
if we understand the duality with respect to DB = D0 · IB as full duality
applied to background changed by IB, the correct dilaton can be found from
(20) as
Φ˜(t, x˜3) = −1
2
ln
(
t4 + c215t
2 + (c16 − x˜3)2
)
. (40)
Such Φ˜ satisfies the Generalized Supergravity Equations for Killing vector
J = (0,−1, 0, 0) whose components are given by trace of structure constants
of bIII as suggested in [23].
13The parameter c15 has to be replaced by − c14+c13c16c12 for I4.
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4.2.2 Factorized dualities
Poisson–Lie identities (36) and (37) can be interpreted as Buscher duali-
ties with respect to one-dimensional Abelian subgroups generated by left-
invariant fields V3 = ∂x3 resp. V2 = ∂x2.
Dualization with respect to V2 does not change F at all due to the form
of the metric (34). The background is invariant with respect to IF2. Its
dual given by DF2 = D0 · IF2 needs to be understood as dual with respect to
non-Abelian group generated by V1, V3 that is not semisimple and the dual
β-equations have to be modified properly. The background and dilaton are
the same as for the full duality D0. We can read them from (39), (40) setting
c15 = 0. The same results, up to a coordinate or gauge transformation, are
obtained for the full solutions I3, I7, see Tab. 1, and their duals D3, D7 since
I3 = IA2 · IF2 · IB · IA1 , I7 = IA2 · IF2 · IB.
Dualization with respect to V3, i.e. Poisson–Lie identity IF1 , produces
metric
F̂(t, x1) =


−1 0 0 0
0 t2 0 0
0 0 1 0
0 0 0 e
−2x1
t2

 (41)
whose scalar curvature vanishes. In coordinates
t =
√
z23 − 2u(v − 1), x2 = z4,
x1 = −1
2
ln
(
z23 − 2u(v − 1)
u2
)
, x3 = uz3
it acquires the Brinkmann form of a plane parallel wave with
ds2 = 2
z23
u2
du2 + 2du dv + dz23 + dz
2
4 .
As expected, dilaton calculated via formula (20)
Φ̂(t, x1) =
1
2
ln detM =
1
2
ln det
(
1 0
0 e
−2x1
t2
)
= −1
2
ln t2 − x1
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satisfies β-equations, or Generalized Supergravity Equations with J = 0,
since we have dualized with respect to Abelian subgroup of BIII . Poisson–
Lie identities I1, I2, I5 and I6 decompose as
I1 = IA2 · IF1 · IF2 · IA1 , I2 = IA2 · IF1 · IB · IA1,
I5 = IA2 · IF1 · IF2 · IA1 , I6 = IA2 · IF1 · IB · IA1.
Resulting backgrounds differ from (41) only by a change of coordinates and
torsionless B-field of the form (38) and can be found in Tab. 3.
Dual background produced by DF1 = D0 · IF1 reads
F˜(t, x˜3) =


−1 0 0 0
0 1
t2(x˜23+1)
0 − x˜3
x˜23+1
0 0 1 0
0 x˜3
x˜23+1
0 t
2
x˜23+1

 .
Together with the dilaton
Φ˜(t, x˜3) = −1
2
ln
(
t2
(
x˜23 + 1
))
found from (20) this background satisfies β-equations. Factorized duality
given by DF1 can be once again interpreted as Buscher duality with respect
to symmetry generated by V1, V2. The same result is obtained forD5 = D0·I5.
For D1, D2, D6 the tensor F˜ and dilaton Φ˜ contain a parameter that cannot
be eliminated by coordinate or gauge transformation. Interested reader may
find its full form in Tab. 3 in the Appendix.
5 Bianchi V Iκ cosmology
Semi-Abelian Drinfel’d double D = (BV Iκ|A ) has Lie algebra d = bV Iκ ⊲⊳ a
spanned by basis (T1, T2, T3, T˜ 1, T˜ 2, T˜ 3) and the nontrivial comutation rela-
tions of bV Iκ are14
[T1, T2] = κT2, [T1, T3] = T3, κ 6= −1. (42)
14Note that for κ = 0, or κ = 1, these are comutation relations of bIII , or bV , respec-
tively. The case κ = −1 will be treated separately in section 6.
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Trace of structure constants does not vanish and group BV Iκ is not semisim-
ple. In the parametrization used in [23] Bianchi V Iκ cosmology is given by
metric
F(t, x1) =


−e−4Φ(t)a1(t)2a2(t)2a3(t)2 0 0 0
0 a1(t)
2 0 0
0 0 e2κx1a2(t)
2 0
0 0 0 e2x1a3(t)
2


(43)
where the functions ai(t) are
a1(t) = e
Φ(t)
(
p1
κ+ 1
) κ2+1
(κ+1)2
e
(κ−1)p2t
2(κ+1) sinh
− κ
2+1
(κ+1)2 (p1t),
a2(t) = e
Φ(t)
(
p1
κ+ 1
) κ
κ+1
e
p2t
2 sinh−
κ
κ+1 (p1t), (44)
a3(t) = e
Φ(t)
(
p1
κ+ 1
) 1
κ+1
e
−p2t
2 sinh−
1
κ+1 (p1t).
The background is invariant with respect to symmetry generated by left-
invariant vector fields
V1 = ∂x1 − κ x2 ∂x2 − x3∂x3, V2 = ∂x2 , V3 = ∂x3
satisfying (42). For dilaton Φ(t) = c1t the β-equations reduce to
c21 =
(κ2 + κ + 1) p21
(κ+ 1)2
− p
2
2
4
.
The background is torsionless and for c1 = 0 also Ricci flat.
5.1 Poisson–Lie identities and dualities
Poisson–Lie identities of Drinfel’d double (BV Iκ|A ) are given by matrices
I1 =


1 c12 c13 −c12c15 − c13c16 c15 c16
0 c22 0 −c15c22 0 0
0 0 c33 −c16c33 0 0
0 0 0 1 0 0
0 0 0 − c12
c22
1
c22
0
0 0 0 − c13
c33
0 1
c33


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I2 =


−1 c12 c13 c12c15 + c13c16 c15 c16
0 0 0 c12c25 c25 0
0 0 0 c13c36 0 c36
0 0 0 −1 0 0
0 1
c25
0 c15
c25
0 0
0 0 1
c36
c16
c36
0 0


.
The algebra bV Iκ admits automorphisms (35) and matrices IA of the form
(13) are among the special cases of I1. Clearly, I1 is a product I1 = IA · IB
of automorphisms and B-shifts (26). Matrix I2 can be written as I2 = IA2 ·
IF · IA1 where IF is the factorized duality (27) and IA1, IA2 are given by
automorphisms (28). Poisson–Lie dualities are obtained by multiplication
by D0.
5.2 Transformed backgrounds
5.2.1 B-shifts
Using I1 directly in formulas (9)–(12) we get rather complicated background
tensor. However, since I1 splits as I1 = IA · IB, the dependence of F̂ on the
parameters appearing in IA can be eliminated by transformation (16). The
background obtained using I1 is equivalent to that obtained by B-shift (26)
and reads
F̂(t, x1) =


−e−4Φ(t)a1(t)2a2(t)2a3(t)2 0 0 0
0 a1(t)
2 −eκx1c15 −ex1c16
0 eκx1c15 e
2κx1a2(t)
2 0
0 ex1c16 0 e
2x1a3(t)
2

 .
Beside the original metric (43) we have obtained a torsionless B-field. To-
gether with the original dilaton Φ(t1) = c1t the background satisfies β-
equations.
Dual background F˜ calculated using D1 = D0 · I1 = D0 · IA · IB is again
too complicated to display. Nevertheless, linear transformation of coordinates
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(16) followed by shift in y˜2, y˜3 simplifies the background to
F˜(t, y˜2, y˜3) =

−e−4Φ(t)a1(t)2a2(t)2a3(t)2 0 0 0
0 a2(t)
2a3(t)2
∆
κa3(t)2 y˜2
∆
a2(t)2 y˜3
∆
0 −κa3(t)2 y˜2
∆
a1(t)2a3(t)2+y˜23
∆
−κy˜2y˜3
∆
0 −a2(t)2 y˜3
∆
−κy˜2y˜3
∆
a1(t)2a2(t)2+κ2y˜22
∆

 ,
where
∆ = a1(t)
2a2(t)
2a3(t)
2 + κ2y˜22a3(t)
2 + a2(t)
2y˜23.
These results are the same as results obtained by full dualityD0. Dual dilaton
Φ˜(t, y˜2, y˜3) = c1t− 1
2
ln∆
found from formula (20) satisfies the generalized supergravity equations (17)–
(19) where components of Killing vector J = (0, κ + 1, 0, 0) correspond to
trace of structure constants of bV Iκ. Dualization with respect to D1 can be
treated as canonical duality in spite of the fact that it contains also B-shifts
and automorphisms.
5.2.2 Factorized dualities
Poisson–Lie identity IF in (27) can be interpreted as Buscher duality with re-
spect to two-dimensional Abelian subgroup generated by left-invariant fields
V2 = ∂x2 , V3 = ∂x3 . Resulting curved background
F̂(t, x1) =


−e−4Φ(t)a1(t)2a2(t)2a3(t)2 0 0 0
0 a1(t)
2 0 0
0 0 e
2κx1
a2(t)2
0
0 0 0 e
2x1
a3(t)2

 (45)
and dilaton
Φ̂(t, x1) = c1t +
1
2
ln
(
e2(κ+1)x1
a2(t)2a3(t)2
)
(46)
calculated by formula (20) satisfy β-equations with vanishing Killing vector
J since we have dualized with respect to Abelian group.
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Poisson–Lie identity I2 = IA2 ·IF ·IA1 gives a background whose metric can
be brought to the form (45) by coordinate transformation (16). There is also
a torsionless B-field depending on constants coming from IA1 that transforms
E(s) to E ′(s) = A1E(s)AT1 . Dilaton found by (20) from E ′(s) differs from
(46) only by a constant shift and we may conclude that results of duality
with respect to I2 deviate from those obtained by IF only by coordinate and
gauge transformation.
After a suitable coordinate transformation we find that both matrices
DF = D0 · IF and D2 = D0 · IA2 · IF · IA1 produce background
F˜(t, y˜2, y˜3) =


−e−4Φ(t)a21a22a23 0 0 0
0 1
∆
κa22y˜2
∆
a23 y˜3
∆
0 −κa22y˜2
∆
a22(a21+a23y˜23)
∆
−κa22a23y˜2y˜3
∆
0 −a23 y˜3
∆
−κa22a23y˜2y˜3
∆
a23(a21+κ2a22y˜22)
∆


where
∆ = a1(t)
2 + κ2a2(t)
2y˜22 + a3(t)
2y˜23.
This background is the same as the one that would be obtained by performing
Buscher duality with respect to symmetry generated by V1. Dilaton
Φ˜(t, y˜2, y˜3) = c1t− 1
2
ln∆
satisfies ordinary β-equations.
Let us note that results of this section hold also for κ = 0, 1, i.e. for
Bianchi III and Bianchi V . Dualities with respect to these groups were
treated in sections 3 and 4 with different initial backgrounds.
6 Bianchi V I−1 cosmology
For Bianchi V I−1 cosmology we shall consider Manin triple (d, bV I−1 , a) whose
algebraic structure is given by comutation relations (42) with κ = −1. Struc-
ture coefficients of Lie algebra bV I−1 are traceless and the group BV I−1 is not
semisimple. Metric has the form (43) with functions
a1(t) =
√
p1 exp
((
e2p2t + p1t
2
)
+ Φ(t)
)
, a2(t) = a3(t) =
√
p2e
p2t
2
+Φ(t)
(47)
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and dilaton is again Φ(t) = c1t. The β-equations are satisfied if
c21 =
1
4
(2p1p2 + p
2
2).
6.1 Poisson–Lie identities and dualities
Poisson–Lie identities of Drinfel’d double (BV I−1 |A ) are given by matrices
I1 =


−1 c12 c13 c12c15 + c13c16 c15 c16
0 0 c32
c32c56−c36c52
c16c32−c12c36
c32c56−c36c52
c36
c36c52−c32c56
0
0 c32 0 c15c32 + c13c36 0 c36
0 0 0 −1 0 0
0 c52 0 c15c52 + c13c56 0 c56
0 0 c52
c36c52−c32c56
c16c52−c12c56
c36c52−c32c56
c56
c32c56−c36c52
0


and
I2 =


1 c12 c13 −c12c15 − c13c16 c15 c16
0 c33
c33c55−c35c53
0 c15c33−c13c35
c35c53−c33c55
0 c35
c35c53−c33c55
0 0 c33 −c16c33 − c12c35 c35 0
0 0 0 1 0 0
0 0 c53 −c16c53 − c12c55 c55 0
0 c53
c35c53−c33c55
0 c15c53−c13c55
c33c55−c35c53
0 c55
c33c55−c35c53


.
As special cases we find two types of automorphisms IA and IA′ given by
A =

 1 a12 a130 a22 0
0 0 a33

 , A′ =

 −1 a12 a130 0 a23
0 a32 0

 ,
B-shifts generated by matrix
IB =


1 0 0 0 b12 b13
0 1 0 −b12 0 b23
0 0 1 −b13 −b23 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


, (48)
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β-shifts
Iβ =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 β23 0 1 0
0 −β23 0 0 0 1


,
and factorized dualities (27). To analyze results following from application
of Poisson–Lie identities I1 and I2 it is helpful to find their decomposition
into products of special elements of NATD group. Depending on the values
of parameters the matrices can be written as
I1 =


IA′ · IB · Iβ for c56 6= 0
IA′ · Iβ · IB for c56 = 0, c32 6= 0
IA · IB · IF for c56 = c32 = 0
and
I2 =


IA · IB · Iβ for c55 6= 0
IA · Iβ · IB for c55 = 0, c33 6= 0
IA′ · IB · IF for c55 = c33 = 0
for some IA, IA′ , IB, Iβ and IF . The parameters rising from IA and IA′ can
be again eliminated by coordinate transformation (16). It is thus sufficient to
discuss backgrounds obtained from IB, Iβ, IF and their products. Multiplying
these matrices by D0 we get Poisson–Lie dualities.
6.2 Transformed backgrounds
6.2.1 B-shifts
Transformed background
F̂(t, x1) =


−e−4Φ(t)a1(t)2a2(t)4 0 0 0
0 a1(t)
2 −b12e−x1 −b13ex1
0 b12e
−x1 e−2x1a2(t)
2 −b23
0 b13e
x1 b23 e
2x1a2(t)
2

 (49)
given by B-shift differs from original F by a torsionless B-field and together
with the dilaton Φ̂ = c1t satisfies β-equations.
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Coordinate shifts eliminate b12, b13 in the dual obtained from D0 · IB so it
reads
F˜(t, y˜2, y˜3) =


−e−4Φ(t)a21a42 0 0 0
0
a42+b
2
23
∆
− y˜2a22+b23y˜3
∆
a22y˜3−b23y˜2
∆
0
a22y˜2−b23y˜3
∆
a21a
2
2+y˜
2
3
∆
b23a
2
1+y˜2y˜3
∆
0 − y˜3a22+b23y˜2
∆
y˜2y˜3−b23a21
∆
a21a
2
2+y˜
2
2
∆


where
∆ =
(
a2(t)
4 + b223
)
a1(t)
2 + a2(t)
2
(
y˜22 + y˜
2
3
)
.
The constant b23 remains. For dilaton
Φ˜(t, y˜2, y˜3) = c1t− 1
2
ln∆
β-equations are satisfied. Vanishing of vector J corresponds to the fact that
structure constants of bV I−1 are traceless.
6.2.2 β-shifts
Background given by β-shift is
F̂(t, x1) =


−e−4Φ(t)a1(t)2a2(t)4 0 0 0
0 a1(t)
2 0 0
0 0 e
−2x1a2(t)2
β223a2(t)
4+1
β23a2(t)4
β223a2(t)
4+1
0 0 − β23a2(t)4
β223a2(t)
4+1
e2x1a2(t)2
β223a2(t)
4+1

 (50)
and together with the dilaton calculated by formula (22)
Φ̂(t) = c1t− 1
2
ln
(
β223a2(t)
4 + 1
)
satisfy β-equations. Although matrices IB and Iβ do not commute, back-
grounds obtained from IB · Iβ and Iβ · IB are the same and differ from F̂ in
(50) only by a torsionless B-field.
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The dual obtained from D0 · Iβ is
F˜(t, x˜2, x˜3) =

−e−4Φ(t)a21a42 0 0 0
0
a22
a21a
2
2+x˜
2
2+x˜
2
3
β23a
2
2x˜3−x˜2
a21a
2
2+x˜
2
2+x˜
2
3
β23x˜2a
2
2+x˜3
a21a
2
2+x˜
2
2+x˜
2
3
0
β23x˜3a
2
2+x˜2
a21a
2
2+x˜
2
2+x˜
2
3
a21a
2
2+(β223a42+1)x˜23
a22(a21a22+x˜22+x˜23)
(β223a42+1)x˜2x˜3−β23a21a42
a22(a21a22+x˜22+x˜23)
0
β23a
2
2x˜2−x˜3
a21a
2
2+x˜
2
2+x˜
2
3
β23a
2
1a
4
2+(β223a42+1)x˜2x˜3
a22(a21a22+x˜22+x˜23)
a21a
2
2+(β223a42+1)x˜22
a22(a21a22+x˜22+x˜23)


and with dilaton
Φ˜(t, x˜2, x˜3) = c1t− 1
2
ln
(
a2(t)
2
(
a1(t)
2 a2(t)
2 + x˜22 + x˜
2
3
))
they satisfy β-equations. Tensors F˜ arising from D0 · IB · Iβ and D0 · Iβ · IB
are too extensive to be displayed here. Nevertheless, it is straightforward
to calculate them and verify that together with corresponding dilatons they
satisfy β-equations.
6.2.3 Factorized dualities
Poisson–Lie identity (27), interpreted as Buscher duality with respect to
symmetry generated by V2 and V3, produces metric (45) with κ = −1 and
functions a2(t) = a3(t) given by (47). Dilaton calculated by the formula (20)
Φ̂(t) = c1t− 1
2
ln a2(t)
4 = −(c1 + p2) t+ const.
satisfies β-equations. Background obtained from IB · IF differs from this F̂
only by a torsionless B-field that is the same as in (49). Let us note that for
c1 = −p2 the metric is Ricci flat.
Dual background produced by D0 · IF reads
F˜(t, x˜2, x˜3) =


−e−4Φ(t)a21a42 0 0 0
0 1
∆
−a22x˜2
∆
a22x˜3
∆
0
a22x˜2
∆
a22(a21+a22x˜23)
∆
a42x˜2x˜3
∆
0 −a22x˜3
∆
a42x˜2x˜3
∆
a22(a21+a22x˜22)
∆


where
∆ = a1(t)
2 + a2(t)
2
(
x˜22 + x˜
2
3
)
.
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This background and dilaton
Φ˜(t, x˜2, x˜3) = c1t− 1
2
ln∆
satisfy β-equations. Background
F˜(t, y˜2, y˜3) =

−e−4Φ(t)a21a42 0 0 0
0
b223a
4
2+1
∆
−a
2
2(b23 y˜3a22+y˜2)
∆
a22y˜3−b23a
4
2y˜2
∆
0
a22y˜2−b23a
4
2y˜3
∆
a22(a21+a22y˜23)
∆
a42(b23a21+y˜2y˜3)
∆
0 −a
2
2(b23y˜2a22+y˜3)
∆
−a
4
2(b23a21−y˜2y˜3)
∆
a22(a21+a22y˜22)
∆


where
∆ =
(
b223a2(t)
4 + 1
)
a1(t)
2 + a2(t)
2
(
y˜22 + y˜
2
3
)
is obtained from D0 · IB · IF and with dilaton
Φ˜(t, y˜2, y˜3) = c1t− 1
2
ln∆
it satisfies β-equations.
7 Bianchi II cosmology
Lie algebra d = bII ⊲⊳ a of the Drinfel’d double D = (BII |A ) is spanned by
basis (T1, T2, T3, T˜ 1, T˜ 2, T˜ 3) where nontrivial comutation relations of bII are
[T2, T3] = T1. (51)
Trace of structure constants is zero and group BII is not semisimple.
Cosmology invariant with respect to symmetry generated by left-invariant
vector fields
V1 = ∂x1 , V2 = −x3 ∂x1 + ∂x2 , V3 = ∂x3
satisfying (51) is given by the metric
F(t, x2) =

−e−4Φ(t)a1(t)2a2(t)2a3(t)2 0 0 0
0 a1(t)
2 0 a1(t)
2x2
0 0 a2(t)
2 0
0 a1(t)
2x2 0 a1(t)
2x22 + a3(t)
2

 (52)
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where the functions ai(t) are
a1(t) = e
Φ(t)
√
p1
cosh(p1t)
,
a2(t) = e
Φ(t)+
p2t
2
√
cosh(p1t), (53)
a3(t) = e
Φ(t)+
p3t
2
√
cosh(p1t)
as in [23]. For dilaton Φ(t) = c1 t the β-equations reduce to
4c21 = p3p2 − p21.
The background is torsionless and for c1 = 0 also Ricci flat.
7.1 Poisson–Lie identities and dualities
Unfortunately, we are not able to display general forms of matrices generating
Poisson–Lie identities of Manin triple (d, bII , a) because the expressions are
too extensive. However, we were able to decompose them into products of
automorphisms, B-shifts and β-shifts. To be more specific, all the solutions
can be written in one of the two forms
I1 = IA · IB · Iβ, I2 = IA · Iβ · IB (54)
where automorphisms have the form (13) with
A =

 Λ 0 0a21 a22 a23
a31 a32 a33

 , Λ = det( a22 a23
a32 a33
)
,
B-shifts are generated by matrix (48), and β-shifts are given by
Iβ =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 β12 β13 1 0 0
−β12 0 0 0 1 0
−β13 0 0 0 0 1


. (55)
There are no factorized dualities satisfying (6) and (7). Poisson–Lie duali-
ties can be obtained from identities by left-multiplication by the matrix (8)
representing full duality.
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7.2 Transformed backgrounds
We already know that if Poisson–Lie identity decomposes as in (54), coordi-
nate transformations can eliminate parameters of IA in the resulting back-
grounds. Thus it is sufficient to investigate the effects of IB, Iβ and their
products.
7.2.1 B-shifts
Structure coefficients of Manin triple (d, bII , a) remain invariant under B-shift
(48) that transforms the background (52) to
F̂(t, x2) =

−e−4Φ(t)a21a22a32 0 0 0
0 a21 −b12 a21x2 − b13
0 b12 a2
2 b12x2 − b23
0 x2a
2
1 + b13 b23 − b12x2 a32 + a12x22

 .
Up to gauge transformation of the antisymmetric part it is equivalent to (52).
Together with dilaton Φ̂(t) = c1t the background satisfies β-equations.
Dependence on b23 can be eliminated in background obtained from DB =
D0 · IB and we have
F˜(t, y1) =


−e−4Φ(t)a21a22a23 0 0 0
0
a22a
2
3+y˜
2
1
∆
b12a
2
3−b13y˜1
∆
b13a
2
2+b12y˜1
∆
0 − b12a23+b13y˜1
∆
b213+a
2
1a
2
3
∆
a21y˜1−b12b13
∆
0
b12y˜1−b13a22
∆
− y˜1a21+b12b13
∆
b212+a
2
1a
2
2
∆


where
∆ = a1(t)
2
(
a2(t)
2a3(t)
2 + y˜21
)
+ b213a2(t)
2 + b212a3(t)
2.
With dilaton
Φ˜(t, y˜1) = c1t− 1
2
ln∆
given by (20) the β-equations are satisfied. Results for the dual B-shift differ
from the canonical dual obtained by D0 not only by a shift in y1 but also by
other terms depending on b12, b13.
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7.2.2 β-shifts
Let us now investigate the transformation of metric (52) given by β-shift
(55). This Poisson–Lie identity generates
F̂(t, x2) =

−e−4Φ(t)a21a22a23 0 0 0
0
a21
∆
a21a
2
2β12
∆
a21(β13a23+x2)
∆
0 −a21a22β12
∆
a22(a21a23β213+1)
∆
−a
2
1a
2
2β12(β13a23+x2)
∆
0
a21(x2−a23β13)
∆
a21a
2
2β12(x2−a23β13)
∆
(a21a22β212+1)a23+a21x22
∆


where
∆ =
(
a2(t)
2β212 + a3(t)
2β213
)
a1(t)
2 + 1.
Together with corresponding dilaton
Φ̂(t) = c1t− 1
2
ln∆
the background satisfies β-equations. Poisson–Lie identity IB acting on this
background adds a torsionless B-field, so we conclude that backgrounds ob-
tained from IB ·Iβ and Iβ can be considered equivalent. Despite the fact that
IB and Iβ do not commute, F̂ obtained from Iβ · IB is exactly the same as
for IB · Iβ .
Dual background resulting from Dβ = D0 · Iβ is
F˜(t, x˜1) =

−e−4Φ(t)a21a22a23 0 0 0
0
(a23+β212a21x˜21)a22+(β213a21a23+1)x˜21
a21(a22a23+x˜21)
a23(β13x˜1−β12a22)
a22a
2
3+x˜
2
1
−a
2
2(β13a23+β12x˜1)
a22a
2
3+x˜
2
1
0
a23(β12a22+β13x˜1)
a22a
2
3+x˜
2
1
a23
a22a
2
3+x˜
2
1
x˜1
a22a
2
3+x˜
2
1
0
a22(β13a23−β12x˜1)
a22a
2
3+x˜
2
1
− x˜1
a22a
2
3+x˜
2
1
a22
a22a
2
3+x˜
2
1


The dilaton is
Φ˜(t, x˜1) = c1t− 1
2
ln
(
a1(t)
2
(
a2(t)
2a3(t)
2 + x˜21
))
and it is interesting that it does not depend on β12 and β13. Together they
satisfy β-equations.
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Dual backgrounds and dilatons found from D0 · IB · Iβ and D0 · Iβ · IB
are too complicated to display and not particularly illuminating so we omit
them here. Nevertheless, one can check that they satisfy β-equations.
8 Conclusions
We have identified general forms of Poisson–Lie identities and Poisson–Lie
dualities for six-dimensional semi-Abelian Manin triples b ⊲⊳ a where b’s are
Bianchi algebras that generate isometries of Bianchi cosmologies. We were
able to decompose both the Poisson–Lie identities and Poisson–Lie dualities
into simple factors, namely automorphisms of Manin triples, B-shifts, β-shifts
and “full” or “factorized” dualities. This supports the conjecture posed in
[19] that NATD group is generated by these elements. Subsequently we have
used these decompositions to transform Bianchi cosmologies supplemented by
dilaton fields [24]. For these transformations we used Poisson–Lie T-plurality
and dilaton formula described in Section 2.
We have obtained many new backgrounds and corresponding dilatons
that represent solutions to generalized supergravity. As suggested in [23],
the Killing vector J in Generalized Supergravity Equations is given by trace
of structure constants. One must, however, carefully evaluate what groups,
more precisely what subgroups of Drinfel’d double, truly participate in the
transformation since it influences the Killing vector. For factorized duali-
ties these subgroups often become Abelian and the Generalized Supergravity
Equations reduce to standard β-equations. Results are summarized in the
Tables in the Appendix. The backgrounds obtained by Poisson–Lie identities
are again invariant with respect to Bianchi groups.
Appendix
For reader’s convenience we recapitulate backgrounds and dilatons yielded
from Poisson–Lie identities and dualities in the following tables. We add
vector J as well to indicate whether the backgrounds satisfy β-equations
(in which case J = 0) or Generalized Supergravity Equations (17)–(19). In
the first column we display which one of the special transformations was
used to get the result. Automorphisms IA are not mentioned. Nevertheless,
since we want to include results obtained from general Poisson–Lie identi-
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ties and dualities, some parameters appearing in the tensors may arise from
automorphisms. We recommend to check details in previous sections.
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BII Transformed backgrounds, dilatons and vectors J
IB F̂(t, x2) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0 a21 −b12 a
2
1x2 − b13
0 b12 a22 b12x2 − b23
0 x2a21 + b13 b23 − b12x2 a
2
3 + a
2
1x
2
2


Φ̂(t) = c1t, J = 0
DB F˜(t, y1) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0
a2
2
a2
3
+y˜2
1
∆
b12a
2
3
−b13 y˜1
∆
b13a
2
2
+b12 y˜1
∆
0 −
b12a
2
3
+b13y˜1
∆
b2
13
+a2
1
a2
3
∆
a2
1
y˜1−b12b13
∆
0
b12 y˜1−b13a
2
2
∆
−
y˜1a
2
1
+b12b13
∆
b2
12
+a2
1
a2
2
∆


∆ = a1(t)2
(
a2(t)2a3(t)2 + y˜21
)
+ b213a2(t)
2 + b212a3(t)
2
Φ˜(t, y˜1) = c1t−
1
2
ln∆, J = 0
Iβ F̂(t, x2) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0
a2
1
∆
a2
1
a2
2
β12
∆
a2
1(β13a
2
3
+x2)
∆
0 −
a2
1
a2
2
β12
∆
a2
2(a
2
1
a2
3
β2
13
+1)
∆
−
a2
1
a2
2
β12(β13a23+x2)
∆
0
a2
1(x2−a
2
3
β13)
∆
a2
1
a2
2
β12(x2−a23β13)
∆
(a21a
2
2
β2
12
+1)a23+a
2
1
x2
2
∆


∆ =
(
a2(t)2β212 + a3(t)
2β213
)
a1(t)2 + 1
Φ̂(t) = c1t −
1
2
ln∆, J = 0
Dβ
F˜(t, x˜1) =

−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0
(a23+β
2
12
a2
1
x˜2
1)a
2
2
+(β213a
2
1
a2
3
+1)x˜21
a2
1
(a2
2
a2
3
+x˜2
1
)
a2
3(β13x˜1−β12a
2
2)
a2
2
a2
3
+x˜2
1
−
a2
2(β13a
2
3
+β12x˜1)
a2
2
a2
3
+x˜2
1
0
a2
3(β12a
2
2
+β13x˜1)
a2
2
a2
3
+x˜2
1
a2
3
a2
2
a2
3
+x˜2
1
x˜1
a2
2
a2
3
+x˜2
1
0
a2
2(β13a
2
3
−β12x˜1)
a2
2
a2
3
+x˜2
1
− x˜1
a2
2
a2
3
+x˜2
1
a2
2
a2
2
a2
3
+x˜2
1


Φ˜(t, x˜1) = c1t −
1
2
ln
(
a1(t)2
(
a2(t)2a3(t)2 + x˜21
))
, J = 0
Table 2: Results for Poisson–Lie identities and dualities of Bianchi II cos-
mology. Functions ai(t) are given by (53) and Φ(t) = c1t.
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BIII Transformed backgrounds, dilatons and vectors J
IB F̂(t, x1) =


−1 0 0 0
0 t2 −c15 −c16e−x1
0 c15 1 0
0 c16e−x1 0 t2e−2x1


Φ˜ = 0, J = 0
DB F˜(t, x˜3) =


−1 0 0 0
0 t
2
t4+c2
15
t2+x˜2
3
t2c15
t4+c2
15
t2+x˜2
3
− x˜3
t4+c2
15
t2+x˜2
3
0 − t
2c15
t4+c2
15
t2+x˜2
3
t4+x˜2
3
t4+c2
15
t2+x˜2
3
c15x˜3
t4+c2
15
t2+x˜2
3
0 x˜3
t4+c2
15
t2+x˜2
3
c15x˜3
t4+c2
15
t2+x˜2
3
t2+c2
15
t4+c2
15
t2+x˜2
3


Φ˜(t, x˜3) = −
1
2
ln
(
t4 + c215t
2 + x˜23
)
, J = (0,−1, 0, 0)
IF1 F̂(t, x1) =


−1 0 0 0
0 t2 −c12 −c13e−x1
0 c12 1 0
0 c13e−x1 0
e−2x1
t2


Φ̂(t, x1) = − ln t− x1, J = 0
DF1 F˜(t, x˜3) =


−1 0 0 0
0 1
c2
15
+t2(x˜2
3
+1)
c15
c2
15
+t2(x˜2
3
+1)
− t
2x˜3
c2
15
+t2(x˜2
3
+1)
0 − c15
c2
15
+t2(x˜2
3
+1)
t2(x˜23+1)
c2
15
+t2(x˜2
3
+1)
c15t
2x˜3
c2
15
+t2(x˜2
3
+1)
0 t
2x˜3
c2
15
+t2(x˜2
3
+1)
c15t
2x˜3
c2
15
+t2(x˜2
3
+1)
t2(c215+t
2)
c2
15
+t2(x˜2
3
+1)


Φ˜(t, x˜3) = −
1
2
ln
(
c215 + t
2x˜23 + t
2
)
, J = 0
Table 3: Results for Poisson–Lie identities and dualities of Bianchi III cos-
mology and dilaton Φ = 0.
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BV Transformed backgrounds, dilatons and vectors J
IB F̂(t, x1) =


−1 0 0 0
0 t2 −ex1c15 −ex1c16
0 ex1c15 e2x1 t2 0
0 ex1c16 0 e2x1 t2


Φ̂ = 0, J = 0
DB F˜(t, x˜2, x˜3) =


−1 0 0 0
0 t
2
t4+x˜2
2
+x˜2
3
x˜2
t4+x˜2
2
+x˜2
3
x˜3
t4+x˜2
2
+x˜2
3
0 − x˜2
t4+x˜2
2
+x˜2
3
t4+x˜2
3
t2(t4+x˜2
2
+x˜2
3
)
− x˜2x˜3
t2(t4+x˜2
2
+x˜2
3
)
0 − x˜3
t4+x˜2
2
+x˜2
3
− x˜2x˜3
t2(t4+x˜2
2
+x˜2
3
)
t4+x˜2
2
t2(t4+x˜2
2
+x˜2
3
)


Φ˜(t, x˜2, x˜3) = −
1
2
ln
(
t2
(
x22 + x
2
3 + t
4
))
, J = (0, 2, 0, 0)
IF F̂(t, x1) =


−1 0 0 0
0 t2 −ex1c12 −ex1c13
0 ex1c12
e2x1
t2
0
0 ex1c13 0
e2x1
t2


Φ̂(t, x1) = −2 ln t+ 2x1, J = 0
DF F˜(t, x˜2, x˜3) =


−1 0 0 0
0 1
t2(x˜2
2
+x˜2
3
+1)
x˜2
x˜2
2
+x˜2
3
+1
x˜3
x˜2
2
+x˜2
3
+1
0 − x˜2
x˜2
2
+x˜2
3
+1
t2(x˜23+1)
x˜2
2
+x˜2
3
+1
− t
2x˜2x˜3
x˜2
2
+x˜2
3
+1
0 − x˜3
x˜2
2
+x˜2
3
+1
− t
2x˜2x˜3
x˜2
2
+x˜2
3
+1
t2(x˜22+1)
x˜2
2
+x˜2
3
+1


Φ˜(t, x˜2, x˜3) = −
1
2
ln
(
t2
(
x22 + x
2
3 + 1
))
, J = 0
Table 4: Results for Poisson–Lie identities and dualities of Bianchi V cos-
mology and dilaton Φ = 0.
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BV Iκ Transformed backgrounds, dilatons and vectors J
IB F̂(t, x1) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0 a21 −e
κx1c15 −ex1c16
0 eκx1c15 e2κx1a22 0
0 ex1c16 0 e2x1a23


Φ̂(t) = c1t, J = 0
DB F˜(t, x˜2, x˜3) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0
a2
2
a2
3
∆
κa2
3
x˜2
∆
a2
2
x˜3
∆
0 −
κa2
3
x˜2
∆
a2
1
a2
3
+x˜2
3
∆
−κx˜2x˜3
∆
0 −
a2
2
x˜3
∆
−κx˜2x˜3
∆
a2
1
a2
2
+κ2x˜2
2
∆


∆ = a1(t)2a2(t)2a3(t)2 + κ2x˜22a3(t)
2 + a2(t)2x˜23
Φ˜(t, x˜2, x˜3) = c1t−
1
2
ln∆, J = (0, κ+ 1, 0, 0)
IF F̂(t, x1) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0 a21 −e
κx1c12 −ex1c13
0 eκx1c12
e2κx1
a2
2
0
0 eκx1c13 0
e2x1
a2
3


Φ̂(t, x1) = c1t+ (κ+ 1)x1 − ln (a2(t)a3(t)) , J = 0
DF F˜(t, x˜2, x˜3) =


−e−4Φ(t)a21a
2
2a
2
3 0 0 0
0 1
∆
κa2
2
x˜2
∆
a2
3
x˜3
∆
0 −
κa2
2
x˜2
∆
a2
2(a
2
1
+a2
3
x˜2
3)
∆
−
κa2
2
a2
3
x˜2x˜3
∆
0 −
a2
3
x˜3
∆
−
κa2
2
a2
3
x˜2x˜3
∆
a2
3(a
2
1
+κ2a2
2
x˜2
2)
∆


∆ = a1(t)2 + κ2a2(t)2x˜22 + a3(t)
2x˜23
Φ˜(t, x˜2, x˜3) = c1t−
1
2
ln∆, J = 0
Table 5: Results for Poisson–Lie identities and dualities of Bianchi V Iκ cos-
mology. Functions ai(t) are given by (44), κ 6= −1 and Φ(t) = c1t.
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BV I
−1
Transformed backgrounds, dilatons and vectors J
IB F̂(t, x1) =


−e−4Φ(t)a21a
4
2 0 0 0
0 a21 −b12e
−x1 −b13ex1
0 b12e−x1 e−2x1a22 −b23
0 b13ex1 b23 e2x1a22


Φ̂ = c1t, J = 0
DB F˜(t, y˜2, y˜3) =


−e−4Φ(t)a21a
4
2 0 0 0
0
a4
2
+b2
23
∆
−
y˜2a
2
2
+b23y˜3
∆
a2
2
y˜3−b23 y˜2
∆
0
a2
2
y˜2−b23 y˜3
∆
a2
1
a2
2
+y˜2
3
∆
b23a
2
1
+y˜2y˜3
∆
0 −
y˜3a
2
2
+b23 y˜2
∆
y˜2y˜3−b23a
2
1
∆
a2
1
a2
2
+y˜2
2
∆


∆ =
(
a2(t)4 + b223
)
a1(t)2 + a2(t)2
(
y˜22 + y˜
2
3
)
Φ˜(t, y˜2, y˜3) = c1t−
1
2
ln∆, J = 0
Iβ F̂(t, x1) =


−e−4Φ(t)a21a
4
2 0 0 0
0 a21 0 0
0 0
e−2x1a2
2
β2
23
a4
2
+1
β23a
4
2
β2
23
a4
2
+1
0 0 −
β23a
4
2
β2
23
a4
2
+1
e2x1a2
2
β2
23
a4
2
+1


Φ̂(t) = c1t−
1
2
ln
(
β223a2(t)
4 + 1
)
, J = 0
Dβ
F˜(t, x˜2, x˜3) =

−e−4Φ(t)a21a
4
2 0 0 0
0
a2
2
a2
1
a2
2
+x˜2
2
+x˜2
3
β23a
2
2
x˜3−x˜2
a2
1
a2
2
+x˜2
2
+x˜2
3
β23x˜2a
2
2
+x˜3
a2
1
a2
2
+x˜2
2
+x˜2
3
0
β23x˜3a
2
2
+x˜2
a2
1
a2
2
+x˜2
2
+x˜2
3
a2
1
a2
2
+(β223a
4
2
+1)x˜23
a2
2
(a2
1
a2
2
+x˜2
2
+x˜2
3
)
(β223a
4
2
+1)x˜2x˜3−β23a21a
4
2
a2
2
(a2
1
a2
2
+x˜2
2
+x˜2
3
)
0
β23a
2
2
x˜2−x˜3
a2
1
a2
2
+x˜2
2
+x˜2
3
β23a
2
1
a4
2
+(β223a
4
2
+1)x˜2x˜3
a2
2
(a2
1
a2
2
+x˜2
2
+x˜2
3
)
a2
1
a2
2
+(β223a
4
2
+1)x˜22
a2
2
(a2
1
a2
2
+x˜2
2
+x˜2
3
)


Φ˜(t, x˜2, x˜3) = c1t−
1
2
ln
(
a2(t)2
(
a1(t)2 a2(t)2 + x˜22 + x˜
2
3
))
, J = 0
IF F̂(t, x1) =


−e−4Φ(t)a21a
4
2 0 0 0
0 a21 0 0
0 0 e
−2x1
a2
2
0
0 0 0 e
2x1
a2
2


Φ̂(t) = c1t−
1
2
ln a2(t)4, J = 0
DF F˜(t, x˜2, x˜3) =


−e−4Φ(t)a21a
4
2 0 0 0
0 1
∆
−
a2
2
x˜2
∆
a2
2
x˜3
∆
0
a2
2
x˜2
∆
a2
2(a
2
1
+a2
2
x˜2
3)
∆
a4
2
x˜2x˜3
∆
0 −
a2
2
x˜3
∆
a4
2
x˜2x˜3
∆
a2
2(a
2
1
+a2
2
x˜2
2)
∆


∆ = a1(t)2 + a2(t)2
(
x˜22 + x˜
2
3
)
Φ˜(t, x˜2, x˜3) = c1t −
1
2
ln∆, J = 0
Table 6: Results for Poisson–Lie identities and dualities of Bianchi V I−1
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